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Received 30 June 1992

Abstract. The application of Glauber’s definition of quantum coherence allows the
introduction of neutron fields of partial coherence under the assumption that the complete
occupation number space is a direct product of Fermi subspaces. Excitations are described
by ‘collective” creation and annihilation operators which span an algebra isomorphic to
the sI1(2, R) algebra. The associated coherent states are of partial coherence and the finite
dimensional representation of the su(2, R} algebra is not regularly coherent. In contrast,
the transition to an infinite dimensional representation space results in regular coherent
properties of the field. This is demonstrated using the representation space of the su(1, 1}
algebra which has a real isomorphism to the si(2, R) algebra. The coherent states calculated _
from Glauber’s condition for coherence are completely coherent, and are, moreover,
identical to those found by Barut and Girardello [9] in starting from a far more abstract
argument.

1. Introduction

Coherence describes, in classical field theory, the ability of spacetime interference at
different points. Wolf's correlation functions [1] are used to describe this property of
electromagnetic fields. In case of laser light and other ‘non-natural’ sources an
expansion to higher order comrelation functions is necessary. Quantized fields on the
other hand, with their emphasis on the particle aspect do not, at first sight, fit into

such 'a picture of coherence.

Nevertheless, it is proved to be possible to describe coherent particle fields 1n51de
‘the framework of quantum electrodynamics using correlation functions [2,3,9]. In
this case coherence is defined by a random spacetime coincidence of field particles
and this property is described by a factorization rule of the nth order correlat:lon
function G (X, ..., X Xpae ..y X1): -

G ™1,y X Koy, )
=Tr{pE"(x;) ... EP() EM(x,) ... ECNxp)}
=(E(x;} ... EP(x) E(x,) .. B (%))

T o= ]f[ {ET(x)EP (x| n=1,2,...,© i (1)

where E™ and E are, respectively, photon creation and annihilation operators; p
is the density matrix

p=iXI. | )

03035-4470/93/ 122935+ 10307.50 @ 1993 FOP Publishing Ltd 2935



2936 E Ledinegg and E Schachinger

Each state |a) which satisfies equation {1) represents a coherent state of the photon
field. We speak of complete coherence if the states |} satisfy equation (1) even for
n-co; on the other hand, if equation (1) can only be fulfilled for finite n, we speak
of partial coherence of nth order.

It is most satisfying that such a definition of coherence is in full agreement with
the definition of coherence in classical field theory. In cases of well defined (ie. a
fixed phase correlation exists between different space points of the field) the number
of particles is undetermined because of the uncertainty principle between the number
of particles and the field strength. Consequently, we have no correlation between
particles at different space points except by accidental processes.

Other authors [5-8] discussed expansions of the theory of quantum coherence
using the fact that coherent states |) of boson fields are equivalently described by

(i) the solutions of the eigenvalue equation

bla)=ea|a); {a|b’ = a*{e| (3)

with @ an arbitrary complex number, and the Heisenberg operators b and b' which
obey the commutation rules

[, 5]=[b", b"1=0; [bb'1=E. , (4)
(ii) applying the operator )
D(a) = exp{~ilal’} exp{ab’ (5)
on the vacuum state |0) which is defined by
b|0y=0. (6}

Such an operator generates all possible coherent states |e) which are described by
yon o e
jay=exp{~Hal} & =|m). 7
m=0 M.

1t is certainly of interest to extend the definition of coherence according to equation
(3) or (5) by replacing the Heisenberg algebra {b, b, E} by a more structured Lie
algebra of the su{p, g) type which is so imporiant in elementary particle physics. Barut
and Girardello [5], for instance, derived general coherent states based on equation (3)
using the elements of the noncompact algebra su(1, 1). Definition (5) was also used
to define generalized coherent states using more general Lie algebras [6, 7].

Glauber’s factorization rule (1) was mainly developed for bosonic systems; neverthe-
less, it was possible to expand it to fermionic systems [4, 10-12]. It was one of the key
results of such an expansion [4] that it was not possible to factorize the correlation
function of nth order, with the result that there are no coherent Fermion fields in the
sense of equation (1). Only the introduction of uniformly correlated states [10] which
obey a Poisson distribution in the limit of infinite particle numbers allowed the
construction of coherent Fermion fields. One application of this rather abstract concept
was discussed by Ledinegg and Schachinger [11]. They considered electrically neutral
fermions emitted by a siochastic source, for instance neutrons emitted by a reactor
core which can be collimated to form a neutron beam. In such a system we have no
causal relations between the various neutron creation processes and this is expressed
mathematically by a state space & which is the direct product of Fermi subspaces 2"

2=2"@RYQ---@2". (8)
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In such a model, coherent neutron states are defined in analogy to equation (1) as the
solutions of the factorization rule for the n-th order correlation function:

Gy, oo, Xn s Xy e e v s X1)
=Tr{pd (%) .. FT)E (%) - F P}
=) - BT X ) <o T

= I 480D o ®

The operators §*(x) and :ﬁ‘*’(x) are field operators which are built from the original
Fermi creation and annihilation operators a’ and a by means of ‘collective’ creation
and annihilation operators 4'(g) and d(q) [11]. They increase (decrease) the particle
mumber of ‘uniformly correlated states’ |m), € # which describe m neutrons of momen-
tum g in their respective subspaces (m < n). The action of 47(g) and 4(¢) on the states
|m), is described by

a(q)lm)q ='\/Ef1(?’l; m)lm - 1>q

8(@lm)y =VITFI fi(n; m)|m+ 1), (10)
with
n—m+1\"? '
Amm=(TEET pmmmfsmen
(equation (6-8) of Ref. 10). In the limit
lim f(n; m) = lim fo(n; m) =1, (12}

the operators &'(¢) and d(g) become standard Bose creation and annihilation operators
while they behave entirely like Fermi operators in the limit # - 1.

It is the inclination of this paper to discuss some group theoretical aspects of the
above model for neutron coherence. We can do so, as Ledinegg and Schachinger
already discussed in great detail the physical implications of such a system in calculating
the coherence time or spacetime correlations [11, 12]. The group theoretical aspects
are developed by showing in chapter II that the collective creation and annihilation
operators span a si(2, R) algebra. In chapter III coherent states are derived using the
factorization rule (9) and it is shown that these states are of partial coherence only.
On the other hand, it is also shown that the eigenvalue equation {3) does not have a
solution.

This is the result of a finite representation space which is based on the collective
neutron states which were constructed from a physical argument. It is of course also
possible to relate the step operators of the sl(2, R) algebra to an infinite representation
space. Such a representation allows again, naturaily, the introduction of coherent states
using either the eigenvalue equation (3} or the factorization rule (9). It is now
appropriate to use the step operators of the su(1, 1) algebra which has a real isomorph-
ism with the sI(2, R) algebra. Coherent states of the su(1, 1) algebra have already been
calculated by Barut and Girardello [5] using the eigenvalue equation (3). Chapter IV
then shows that Glauber’s factorization rule results in completely coherent states and
that these states are identical to the ones found by Barut and Girardello. This is a fine
example to demonstrate how the coherence properties of a system change if the set of
eigenfunctions of the Cartan subalgebra belongs to different representations of a given
Lie algebra.



2938 E Ledinegg and E Schachinger
2. Collective creation and annijkilation operators and their Lie algebra

Each Fermi subspace ®‘?e @ (cf equation (8)) allows only states of occupation
number 0 or 1, i.e. only free Fermi particles of identical momentum g, fixed bispinor
component and fixed spin orientation are possible. If we assume these Fermi particles
to have the same a priori probability in their respective subspaces, states [m), of a
certain number of particles (m=<n) which may be detected simultaneously can be
constructed as

1/2

|m)q=( ") Y M0y D, 1, 0D, (13}
i {¥)earn}

where {7, ... 7,} denotes the set of possible combinations of m occupied subspaces

in the total number of n subspaces. |0}, and 1), are the two eigenstates of the

v-th Fermi subspace. The set of orthonormal states {|m),, m=0,1,..., n} spans the

state space Rg.

Experimentally, the correlation function is measured by particle detectors which
are placed at different space points. Each detector absorbs particles of each subspace
® a feature we would like to express by ‘collective’ annihilation and creation
operators, [11] d(q) and 4%(q) respectively. They are defined by

i@)=2= 3 alg)

a'(q) =% V‘él al(q) (14)

where the a,(g) and al(q) are standard Fermi annihilation and creation operators
acting in the subspace &

a, ()1}, =0, a0y, =0 (15)
a0, = 1), a1, =0. (16)

They observe the usual anticommutation rules in their respective subspaces. To express
the fact that in general there will be no Pauli exclusion between independent Fermi
absorbers, operators belonging to different subspaces are supposed to commute with
each other:

[a.(2), a.(e)]=[al(q), e ()]=[a.(g), aL(q)]=0 vt (17)
with
(a, b]=ab—ba.

From these definitions it becomes transparent how the physical properties of the
detectors used In a coherence experiment will affect its outcome.

We can expect from equations (15)-{17) the collective creation and annihilation
.operators to span an algebra isomorphic to the s/(2, R) algebra. Therefore, we only
have to calculate the explicit form of the commutation rules.

Equations (10) describe the action of the collective operators on the states |m),
and these equations establish the basis from which the Lie algebra of the collective
operators can be determined. Obviously, the Lie product

[4, 8']=aa"~4'a (18)
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is neither proportional to the unity operator nor to 2 linear combination of & and a’
Thus, we define the operator

where we have dropped the explicit g argument in the understanding that from now
on all operators are assumed to be of the same argument. As each state |m)e Re s
an eigenstate of 44" and of 44, |m) is also an eigenstate of b:

5|m>=(1—2——"“)|m>. -(20)

To complete the argument, the action of the Lie-products [4, 5] and [47, b] on the
state |m) is calculated:

4, B]jm)= -% -\/m(l—mT_l) m—1)= —% alm) 1)
[4", 5]|m}=—% -\/(m+l)(l—%) |m+1>=-i-a*|m>. (22)

This follows immediately if the states |m — 1) and |m + 1) are rewritten using equations

(10).
The relations (19), (21} and (22) define a L1e algebra {c¢} of the form
c=ab+pat+vb (23)
with
AT 2 A £ 2 A noA N
[4b]= -, [a", b]= =—a [4,d =5 (24)

and the arbitrary real numbers a, $, and y. A basic transformation
§6=—Jo Jnd=J VRét=17, (25)

results in the commutation rules

[Jo, L) =], [Js, J1=24 (26)
which generate, as expected, the real Lie algebra s/(2, R) [13]. Furthermore, we have

Joljy my=m'lj; m

Ll mhy=vj(j+1)—m'(m'+ 1)[j; m'+ 1)

Il my =G+ D —m(m =1} |j; m'- 1) ’ (27)
with m'=m—j and j=n/2.

3. Coherent neutron states associated with the si(2, R) algebra

It was already pointed out by Glauber that the factorization rule (1) and the eigenvalue
equation (3) are equivalent conditions for completely coherent states if the creation
and annihilation operators span a Heisenberg algebra. To show this, he employed the
eigenvalue equation

ED(x)|a)=s(x)|a) , (28)
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which is equivalent to equation (3) and compared its results to the coherent states
found from solving (1) for n- co.

This fact suggests the definition of a regular coherent representation of an algebra.
Such a representation has the significant property that identical coherent states are
found by either solving the factorization rule or by solving the eigenvalue equation of
the step operators.

The obvious next step is then to investigate whether the finite dimensional (non-
unitary) representation of the si(2, R) algebra introduced by equation (27) is regular
coherent or not, We, therefore, start with the eigenvalue equation

J_|a)=ala) (29)
and use the ansatz
ay= 3 T Culism. (30)
J=1/2 m=~j
The coherent states are found from
Jjmy=vj(j+1)—m(m=1)|j; m—1)

=g(j, m)|j; m—1) (31)
and
JAjs =0 T i=0. (32)
This results in the recursion relation
Com= g "' (j, m)Cyner- (33)

Equation (32) requires C;; =0 with the consequence that all the other coefficients C,,,
(m ) are zero as well and the system has no states of complete coherence.

Nevertheless coherent neutron states can be found from Glauber’s factorization
rule (9). To show this, we define in analogy to [10], equation (11), the spinor field
operators !fl(+) and ¢ as

() = £, (x)J-

g (x) = FE(x) L, (34)
with

fo(x) = exp{i(gx — Exo)}u, . (g). (35)

X = (xg, x) is the four-dimensional ‘spacetime’ vector, %, is the bispinor component
of polarization r and a fixed bispinorindex o, (e, r =1, 2, 3, 4) and g = (E,, ¢). Transfor-
mation of equation (30} to occupation space results in {4, 10, 11]

ATy 1sssy 6o
with the states

be= 3 L Guliim

o= T 5 Chlsm (37

i=1/2 m=~j
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the ‘right-hand operation’
[e=J-l)q

@ J
=3 ¥ Cuh(m)jim-1, (38)
j=1/2 m'=—j+1

and the “left-hand operation’

q? }q =J+I >q
=3 % GuhUimlim AN, (9)

If both operations are to be performed as it is the case in equation (36}, the right-hand
operation is performed first. We find for instance:

(DI=3 T 1GAfiGm) (40)
or
LTI ST G T A ). @

These results are used in equation (36) and it is sufficient to study it for a fixed value
of j as j_ and J, do not change the subspace {|j; m’)} according to equation (31). We
find

o 25
£ 1wl T A2 m=)

m'=—fs

J s
= a”{ X Gl m')} s=1,2,...,%f (42)
m'=—j+1 .
with
J
o’= ¥ |Gulfim). (43)
m'=—j+1 ,
The coefficients
. s=1
a,= 11 fi,m'=v);r=m'+j (44
on the left hand side of equatioh (42) are elements of an upper triangle matrix A(j)

of dimension 2j. Such a representation simplifies the solution of equation (42) for the
coefficients |C;,,|* because this equation can be transformed into

|C ) |2 A11 0 een - O sz
,_:J'H. __L A12 Aﬂ . 0 (!4 (45)
[C:-|2 | Ayl SRTH | B ’
h AU cen e Aﬂ o.'“’
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The A;, are the algebraic complements of the a;; from equation (44). The remaining
coefficient C;_; is determined from the normalization condition {e|a) = 1 and Glauber’s
factorization rule indeed results in coherent states

j
|a)j = Z . C:j,mlj, m>+ C',—jljs —J> (46)
m=—j+
with
1 s /2
2
Cim =Ej‘|m {‘_=1 Auo } (47)
and
i
G- =1- ¥ G . (48}
m==i+1

As in our model j=r/2 is a fixed and finite number, the states (46} are only of
partial coherence and they correspond to a theory which is entirely based on the ability
of particle fields to interfere with each other. It has again to be emphasized that this
result depends on our definition how particles can be detected and how correlation
functions can be determined experimentally.

It is the formal result of this chapter that this finite dimensional representation of
the s1(2, R) algebra is not a regular coherent representation as it results only in coherent
states of partial coherence.

4. Coherent states and the algebra su(1, 1)

We mentioned already at the end of the introductory part that it is also possible to
define step operators of the s/(2, R) algebra in relation to a representation which is
only bounded below and to calculate then the coherent states using either equation
(9) or equation (3). We demonstrate this by using earlier results of Barut and Girardello
[5], and investigate the su(1, 1) algebra

[LO: L:I:] ==L, [Ls, L—] =-L, (49)
which has a real isomorphism to the sI(2, R) algebra, namely
J.=>+2 L, Jo=>Lo. (50)

{(J= and J, are the operators of equation (27).) Barut and Girardello [5] calculated the

complete set of eigenstates of equation (3) in an irreducible representation of the

su(1, 1) algebra which was bounded only below. The connection to Glauber’s definition

of coherence is established by calculating the coherent states which follow from the

solution of Glauber’s factorization rule equation (9) using the same representation.
Thus, we define the eigenstate |1 of the L, operator

Lolh=11 (51)

and it becomes immediately apparent from equation (49) that the operators L (L.)
are shift operators which increase (decrease) the eigenvalue ! by one. If we denote the
smallest value of ! by ¢, we get

b+1=m (52)

with the integer number ri2. Thus the spectrum #i is discrete and bounded below.
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We define new states |¢, M) and describe the action of the L-operators by

L4, rﬁ)=%\/—_(m+1)(m-2¢)'l¢, A+ 1)

’ L_|¢,rﬁ>=%~/m(ﬁz—_1—2q5)|¢Lrﬁ—1>
Lolé, ) = (m— &), ) (53)

which corresponds to the discrete (infinite dimensional )D* () representation of the
su(1,1) algebra [14],
" Glauber’s factorization rule

5 5
—_— ——

Iy s=L2.nw (54)

q
differs from equation (36) only in the fact that s is now only bounded below. We
introduce states

[%4 =n_§0 Cil s g _ (55)
and find with fi(¢, m)=+(m—-1-20)/2: 7

A1 D= T CaPri(s; i) : (56)
and

(I T Gl TT (s =) (57)

as a consequence of equations (53) and (55). As a result, the coherence condition (54)
transforms into a system of equations linear in |Cil™

o s—1 .
T G T1 (A=) fi(¢; m—p)=a™ s=1,2,...,% (58)
m=s v=0
which can be solved recursivly in comparing line s to line s+1:
|CrsalP(m+ 1) fi(¢; m+1) = a’| Cal* ' (59)
or
C.= aﬁ' CQ

VI, file; v)
_ (V22)"C I (-2¢)
VI T3 (i -26) -~
As.a result we find the states of complete coherence |a), with:
ey wmpl/2r
e=0, T B, (1)
with C, determined from the renormalization condition
2 _ (2"

1=|GT(-20) X AT (7 —2¢)

(60)

(62}
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These states are neither orthogonal nor linearly independent. In passing we would like
to note that these coherent states are certainly different from those one would obtain
in the limit of equation (12) in connection with equation (9) as those would then be
based on a Heisenberg algebra.

A comparison of equations (61} and (62) with the coherent states calculated by
Barut and Girardello [5] by explicitely solving the eigenvalie equation

L_|a)=e|a) (63)

proves that their solution is identical to ours. Thus, the D7($)} representation of the
su(l, 1) algebra is a regular coherent representation. This is also valid for the representa-
tion of the s/{2, R) algebra which is isomorphic to the D*(¢) representation.

Consequently, a regular coherent representation of a rank one Lie algebra is found
in ali cases where coherent states which were obtained from the application of Glauber’s
factorization rule on one pair of creation and annihilation operators are proportional
to eigenstates of one of these operators. Is, moreover, the representation space spanned
by states which allow a physical interpretation, we can also speak of physically
meaningful coherent states.

Accordingly, the finite dimensional representation of the s/(2, R) aigebra used by
Ledinegg and Schachinger [11] to describe coherent neutron fields allowed a physical
interpretation but did not result in a regular coherent representation (i.e. only coherence
of r-th order). On the other hand, the infinite dimensional representation of the su(1, 1)
algebra (and its isomorphic equivalent of the si(2, R) algebra) was proved to be regular
cohereat but the state space was spanned by vectors which could not be interpreted
physically. In both cases, the definition of the physical properties of the particle
detectors used in the experiment played a critical role in the argument.
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